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WE  USE  OF  Me  Gommim  exjuations 

IN  mmnstom^  jmMsis 

Abstract 

Mis  pamper  develops  the  idea  that  the  inost  effective  use  of  dlnieti^ 
aional  ahaiysis  in  fluid  t^ehanics  Is  to  combine  it  with  the  known 
mathematica^^^  form  of  the  governing  equations »  it  is  shown  that  additional 
Information  can  frequent |y  be  obtained  in  this  WSy^  especially  When  physi¬ 
cal  approximations  cah  be  reasonably  iiiade« 
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tH£  USt  OF  THE  GOVERNING  EQUATIONS 
IN  OIMENSIONi/yL  ANM^NlS 


i*  Introduction 

One  o£  the  nice  thing 8  about  the  science  o£  fluid  mechanics  is  that 
we  have  a  very  good  idea  of  the  mathematical  form  of  the  equations  that 
govern  our  probiems  even  in  very  complicated  casesj  for  examptei  probiems 
of  heat  convection.  The  task  of  solying  these  equations  is  a  severe  one, 
of  course^  and  as  a  result  we  do  as  other  scientists  in  Other  fields  and 
resort  to  approximation  and  experiment.  But  whichever  We  do,  we  find 
that  a  reasoning  procese^  Cailed  diraensipttal  anaiysis,,  is  useful  not  Only 
to  guide  us  in  our  tasks  but,  frequent ly,  to  give  us  directly  answers  to 
some  Of  the  questions  that  face  ua.  For  example,  it  is  convenient  for 
experimental  purposes  to  know  that  the  drag  on  a  body  in  a  stream  of 
fluid  of  speed  u  has  the  form 

F  =/>u^f  (Re> 

Where  p  is  the  density  and  Re  Is  the  Reynolds  number.  It  is  also  In¬ 
formative  to  have  this  product  pf  dimens Ipnal  reaspning,  FPr  example, 
it  tells  us  that  in  two  different  fluids  of  the  same  klnematlG  viscosity, 
the  drag  is  proportional  to  the  density,. 

But  the  theme  of  this  paper  is  not  that  dlmens ipnal  analysis  is 
convenient  and  informative  both  for  the  experimenter  and  the  thepretician, 
although  this  is  both  true  and  important.  Rather,  the  theme  is  that  when 
we  know  the  mathematical  form  of  our  governing  equations,  we  shpuld  ex-? 
pipit  this  fact  not  only  by  searching  for  solutions  to  these  equations, 
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but  also  by  Incorporating  as  much  as  jpoaaible  Of  this  knowindge  of  oiir 
equations  into  the  reasoning  process  of  dimensional  analysii* 

2.  Generalized  dimensional  anMy sis 

1  illustrate  these  remarks  by  the  problem  from  eleinentafy  mechanics 
of  finding  the  range  of  a  projectile  ifig*  !)• 


.  1 


Tae  problem  is  completely  defined  by  the  set  of  equations  and  conditions* 


d*x 


^0 


dt^ 

di*  ^ 
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x(0)  =  0 
y(0M0 
x(0)  -  u 

-  V 


y*0,  X  ®R 


(1) 


Obviously  the  range  R  depends  only  on  g^  and^  using  the  physi¬ 

cal  dimensions  of  these  4  quatitlties,  the  5C-theprem  (Bridgman^  1931) 
yields 


R 


H|) 


(2) 
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£he  othe£r  hand'^  liet  ws  ailllOw  all  the  qaantitiee  thal:  en%er  the  ayatem 
(1)  to  have  arbitrary  dlmenalona.  FOr  example,,  let  the  dimensioh  of  x  be 
Aj  the  dimension  of  y  be  B,  etCi  Symbolleally  we  write,, 

W-A.  |tl*c.  [»|=e.  {r]*6 
{y|  =  8.  f«|=©,  fal'M 

Now  require  that  all  eqiuations  in  (1);  be  dimensionally  homogeneous,  for 
example  *  |rJ,  etCs  The  resulting  relationships  among  A,  B,  etc., 

i,|=c.  {vM. 

A  fit 


hM. 


0  '  J  c  ^ 

Hence  the  four  quantities  R,  u,  v,  g  have  three  diiaensions.  A,  B,  g.  In¬ 
stead  of  the  two  physical  dimensions  L  and  T,  and  the  n- theorem  yields 


#V 


-K 


(3) 


whi^re  K  is  a  nondlmenslpnal  constant.  Equation  (3)  is  much  i!K)re  infprina- 
tiye,  of  course^  than  equation  (2).  In  fact  (3)  shows  that  the  function 
F,  whiph  is  arbitrary  in  equation  (2),,  nnist  have  the  form 


u  '  u 


This  example  illustrates  the  power  of  general ized  dimensional  analy- 

ic 

sis.  The  equations  of  Newton  were  set  up  with  an  arbitrary  choice  of 
units  of  mass,  length  and  time.  These  pan  always  be  altered  at  will 
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Further  generalization  is  possible  (Long,  1963;  Birkhoff,  1950),, 


wichout  changing,  t'he  form  of  the  equiations^^  arid  the  teehniqnes  df  ordi¬ 
nary  dimehsidnat  ahaiysis  in  medhanlcs  are  simpiy  refiectidns  of  this 
fact*  But  as  we  see  in  the  above  example^  we  do  durseives  an  iiijustied 
if  we  ignore  other  information  abdUt  the  tnatheinaticai  nature  of  our  laws\* 

3 .  Physieai  approximatiohs  and,  generalized  dimensional  analysis 

Vety  frequently  a  generalized  diinehsidhal  analysis  such  as  that 
performed  above  in  the  example  df  the  projectile^  is  no  more  inforipnative 
than  the  ordinary  aiia  lysis  with  it  a  fundamental  units  of  massj^  letigtk 
and  time*  Yet  it  alsd  hapipens  frequently  that  the  cdmblhatidn  of  geheralr 
ized  dimehsidnal  analysis  with  the  physical  process  of  apprdxi^tioh  is 
iindre  inforiaatiVe*  Suppose^  for  example >  we  are  inter efted  itl  the  steady 
flow  of  ah  incompressible^  viscous  fluid  over  a  half-s'ihiinite  plate  as 


y 


X 


Ftg,  2 

shown  in  Figure  2*  With  the  choice  of  axes  as  shown^j  the  problem  is 
probably  determined  by  the  following  set  of  equations  and  conditions: 
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Utt,+  VU,  +  (S> 

u  v  w  =  — -^  p  4’i'  (  v  +  v  I 
X  y  p  y  ^  ^ '  XX  yy  ^ 

u^4-  Vy  =  0  <7) 

A^  X  >  0  *  y  =  0 ,  u  =  V  -  0 ,  As  y  ^  co ,  u  —  IJ  (8) 


E^uatipii  (7)  showa  that  wa  inay  iiitroduce  a  stxe&mfutlcitiph  ^  such  that 


equations  in 
Obvtouaiy 


can  be  used  to  replace  equation  (7), 


f  ^  f  (x,  y  ;  V,  u  ) 


and  ordinary  dimensional  analysis  shows  that  ^  takes  the  form 


(11) 


Furthern»re^  we  may  perform  a  generalized  dimensional  analysis  of  the 
system  of  equations  (5),  (6),  (8)  and  (9)  a?  In  Section  2,  and  we  find 
that  we  are  led  precisely  to  equation  (11)  again,  But  suppose  that  we 
allow  ourselves  to  use  the  physical  arguments  of  Prandtl  (^oldatein,:  1938) 


7 


th#t  when  the  vise&slty  is  very  small  the  influeri^:e  of  the  plate  is 
limited  to  a  very  thin  layer  in  the  immediate  viGinity  of  the  plate^  It 
is  then  evideht  that  changes  in  velocity  in  directions  hofmai  to  the  plate 
are  very  much  greater  than  change s  in  the  direction  of  the  plate.  To  use 
this  reasonable  conJ;eeture^  we  first  eross^differehtiate  equations  i(5) 
and  (6)  to  eliminate  the  pressure  terms  atid  we  then  introduce  the  stream^ 
function.  The  governing  equations  and  conditions  are  now 


At  x>0^  y=Ot  %  As  y»^so, 


im 


NOw^  with  the  assumption^ 


the  governing  equations  and  eohditipns  take  the  form 

^ y  ^yy ^yyy  ^  y y y y 


At  x  >  0,  y  -  0  ,  As  y  —  GO ,  ^ -  U  (m) 

We  now  perform  a  generalized  dimensional  analysis  of  this  system^  by 
assigning  arbitrary  dimensions  to  all  quantities^  requirthg  only  that 
all  terms  in  all  equations  have  the  same  dimensions.  %usy  let 
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|yJ»F 


tentatively.  Then  (15)  and'  (16)  require 


therefore. 


We  now  have  three  fundamental  units^  B,  C,  instead  of  twQ^  L  and  t, 
and  if  we  now  apply  the  theorem  to  (10)  we  get 


Instead  of  the  less  informative  (11),  With  the  new  independent  variahle, 


the  partial  differential  equation  (15)  reduces  to  an  ordinary  differential 
equation  in  the  single  independent  variable  ^  The  problem  can  then 
be  solved  numerically. 


4. 


Motfe  i  oS  air  over  a 


To  iiTustrate  the  appliLc^tlon  of  the  above  dlScuasiotia  to  the  model¬ 
ing  problein^  we  eonsider  the  proMetn  of  modeling  ait  f  low  over  a  mountain 
hafrier  »  Uaing  arguments  (Lorig^  1939)  which  do  not  concern  us  here,  we 
may  show  that  for  certain  purposes  a  reasonably  accurate  governing  dif fer-r 
ential  equation  la 


dx*  dy* 


y)^o 


(20) 


where  y.  is  the  height  far  upstream  (where  the  disturbance  vanishes)  Of 

2 

the  Streatnline  through  the  point  (x^  y),  and  it  is  a  constant  involving 
gravity y  density  stratification,  and  upstream  velocity*  It  is  also  knom 
that  the  motion  is  determined  by  the  kinenatic  conditions  at  the  ’'tOp** 
and  bottoin  of  the  atmosphere  and  by  the  upstream  conditions.  Suppose, 
for  simplicity,  we  take  the  model  to  be  flow  between  two  parallel,  hori^ 
zOntal  surfaces  separated  by  a  distance  h^  and  over  a  rectangular  obstacle 
of  width  b,  height  ft  ftt  the  bottom.  Then  we  have 


Vo  *  h  At  y  - 1 

1 

It 

o 

J> 

It 

).  KS-f 

yo  -0  At  y-< 

,  b 

>.  *  i  f 

(21) 

b  ^  ^  b 

yp  =0  At  y=  < 

».  -ySXSI- 

The  condition  that  the  disturbanee  vanish  upstream  is 
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Equations  (20)^  (21)  and  (22)  constitute  a  ctimpletely  stated  iriaithe- 
maticail  problem,  if^  bowevet'^,  it  is  too  difficult  to  be  solved^  we  may 
very  well  resort  to  experimentation  (lie,,,  mode  ling).  Since  there  is 
only  one  dimension^  length,  in  this  problem;^,  Ordinary  dimensional  analy¬ 
sis  yields 


fX  X 
Vh’  h* 


JL 


<r*h*) 


tm 


2  2 

aild  we  find  that  we  must  have  equal  values  of  a/h,  b/h^  0^  h  if  we  ate 
to  have  similar  phenomena  in  any  two  experiments.  Or  in  model  end  proton- 
type. 

If  we  perform  a  generalized  dfmensiohai  analysis  of  the  problem, 
we  find  that  we  get  the  same  fesult  as  in  Eq,  (23) ^  but  suppose  condi¬ 
tions  are  such  that  the  variaCions  in  the  flow  pattern  are  very  gradual 
in  the  horizontal  direOtion^  compared  to  the  vertical  direct ion ^ 
suppose 

JL  JL 

dx*  I  y  * 


Then  we  have  conditions  (21)  and  (22);  but  the  governing  differential 
equation  is 


df 


+  <r*  {  Yo  -  y)  ”  0 


A  generalized  dimensional  analysis  now  yields 


and  we  find  that  we  have  similar  phenomena  by  demanding  equality  of 


1,5 


i 
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2  2 

drily  two  parameters^  a/h  and  ^  instead  of  threes  The  experimetital 
advantages  ard  very  great  of  odurse^  since  much  less  experitnentatidri  is 
now  ridcessary  to  explore  the  full  rangd  of  ”lorig-wave"  patterns. 
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